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Shadows from a distance source >
®  Our aim is to study the shadows of a monochromatic source of light 3 that emits photons

of momentum p* = wn, n* = (1,0,0,1).
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®  How does it changes under frame boosts that preserve the direction of p?
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The Poincaré group

The Poincare group is (noo = —1, u =0,...,d+ 1)

[Jozﬁ’ J'v5] — na5J57_|_ nﬁvjaé_ nOWJBcS_ nB5Jory,
(P*, Jﬁv] = pBfpY _pvph,

defining (a = 1,...,d)
W, =Jo — gitltae — _p  gHre

we obtain that generators J,p, W, generate a ZSO(d) subalgebra

[Jab, Jeal = Saddbe + OvdJad — dacIvd — OvaJac,
[Wa, ch] = OgpWe — dqcWh.

IIT International Meeting on Lorentzian Geometry - November 21-23, 2005 - E. Minguzzi — p. 3/1



The Little group
The infinitesimal Lorentz transformation ’* = A, z¥ with
OfB = I+ %QMVJ“”)O‘B
leads to the Lie algebra representation (J*¥ )023 = nHs g — ¥ g , it follows

(Jab)aﬁ — 535bﬁ - 5g5a6
(Wa)% = n%ng —no63

and
(Jab)Bn” = (Wa)%n =

thus the generators J,;, W, leave n# invariant: they generate the little group L(e4+1). The
generators W, are often called the translational generators. On the contrary we shall see that they
generate Galilean boosts.
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The Little group 11

The Little group transformation z’# = L’ 2" takes the form

1+ C _aCRcb _C
LH, =1 —a% R4 a? )

¢  —a®Rep 1-¢
with ¢ = a®ag /2. The infinitesimal transformation is
1 ab a

It means that Qo, = —Qg114 = @a, Qodg+1 = 0, or in order to keep the null momentum
p = wn invariant the frames must rotate and accelerate in such a way that the (i) acceleration
along ey 1 vanishes (ii) the acceleration and the angular velocity perpendicular to e 411 must

be equal in magnitude and perpendicular to each other.
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The inhomogeneous Little group

Let us define
M = P#n, = pitl — po

and H = P then the generators M, H, P%, W, and J,; span a Lie algebra whose

infinitesimal Poincaré transformations leave n* invariant and include the translations

[Jab, Jed] = dadJve + OvdJad — dacIbd — dbdJac,
(Wa, Jpe] = SqosWe — SacWh,

[Pa, Jbe]l = dabPe — dachy,

(Wae,H] = P,

Wa, P] = dap M.

M generates translations along n*. The infinitesimal transformation of ’# = L, x¥ — a* is

1
I+ EQabJab + a* Wy — a’ Py + (a®— a¥THH + a1t M
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The Galilean group
The shadow mass generator M spans an ideal I and N = exp [ is a normal subgroup. Moreover
M belongs to the center of ZL(e441). The quotient group I L(n)/N is isomorphic to the
Galilean group Gal(d) in d+1 spacetime dimensions. We have the Lie algebra central extension
0 — {M} — TL(eq11) — Gal(d) — 0,
Thus the inhomogeneous Little group is a particular central extension of the Galilean group
1— N(~T1) — IL(eg+1) — Gal(d) — 1.

To the same Lie algebra central extension there corresponds another central extension

1 —-U(l) — B(egqy1) — Gal(d) — 1.

B(eq41) is the Bargmann group. It is useful in quantum mechanics.
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The fiber bundle with null fibration M/ — ()

The Galilean group Gal((d) ~ IL/N acts
unambiguously on the d+1 quotient space-
time @ = M /N made of ‘events’ Nx. Thus
the events of () are the light rays of direction
n.

The Bargmann bundle is obtained identify-
ing points x and x” such that ' — z = 27k,

k € N. The structure group is the Bargmann

group.
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The relation with shadows

An event  has a shadow on each screen per-
pendicular to the direction of light. Each
shadow is a representant of the point on @),
Nz. Let t be the hitting time, ¢ the hitting
point (z° = ¢ 4+ x%*t1) then z* admits the
unique decomposition

cdtl ¢ t
i @ — xd—l—ln,u + a
gdt+l 0
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The transformation of shadows

If ' = L, x¥ — a* (inhomogeneous Little group transformation) then

:B’d+1 4+ ¢ 4!
2'H— </ — zU/d—Hn“’ + | %’/
g/ 4Tt 0

with
g/ — pdtl t¢ — a®Rypx? — a7t

and (Galilei1 transformation)
' = t—(a®—a%h,

b
¢ = Rb .z —ta® —ab.

Recall
1
I+ 5QabJC“’ + a* Wy —a’Py + (a®— a¥THH + a? Tt M
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The transformation of shadows

The light spot of a beam of light or the dark spot of a screened beam of light transform,
changing inertial frame, with a Galilean transformation.

Since the shadows are made by dark spots their points transform with a Galilean
transformation, hence the shadow have the same shape (but different velocity) in all
perpendicular to light screens.

The transformation of hitting time ¢ implies an absolute (Galilean) simultaneity: if two
light beams hit a perpendicular-to-light screen at the same time then they hit all
perpendicular-to-light screens at the same time.
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The shadow of a pointlike relativistic particle...

d+1

In the coordinates x , t and £ the Minkowski metric reads

ds? = —dt? — 2dtdz%T! + dzdz,.

Hamilton’s principle in configuration space

0=29¢ de:5/£dt— /m\/Q:vd+1+1—x2dt

In the presence of more particles the total Lagrangian L is the sum of Lagrangians £ ;). The
cyclic variables le;)rl can be removed using Routh’s reduction. The conserved conjugated

momenta (shadow mass) are

_ .0 d+1
(i) = P(i) p( )

The reduced variational principle is § [ ttol Rdt = 0, where the Routhian R is given by

R(x(i), %)) = )l — L) = Z[Tm Viol-
()
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... behaves as a classical non-relativistic particle

The shadow kinetic and internal energy are

M. o P*Pa
T ) — X = )
2 2(p0 — pdt1)
1 m?2 1 m?2
V = S[—+u== +p° —p?t!
2[u ] 2[p0_pd+1 p° —p“T]
2
m
Bo= Tv=te o S+l =1,

One expects the shadow worldline to behave as a classical particle of (shadow) mass u. Let us
verify this fact in the shadow of a relativistic collision.

N
%:po—zp(z)'
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Conservation principles

The particle worldlines are geodesics that project into geodesics of (: the shadow worldlines. We
N N
DGy = D By

(2) (2)

that 1s, the total shadow mass is conserved in the shadow collision.

obtain

N N
D Xy = D A X
(i) (i)

that 1s, the shadow momentum is conserved. Finally
N N
> By =2 .
(¢) (¢)

the shadow energy is conserved.
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Conservation of kinetic energy

The total kinetic energy in conserved

N N
HONC I (i) =9

if the total internal energy is conserved.

The shadow of an elastic relativistic collision is an elastic classical collision provided the
shadow masses are preserved in the collision, p ;) = [, (4) = 1,..., N.

The shadow of a collision that involves only massless particles is a classical elastic
collision.
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The inverse problem

Assume the conservation of total mass, momentum and kinetic energy on ()

N N N

) . 1
ZM( ) —ZW D RGO = D B X Z SHGHXGy =D A
(1) (4) (2) (z) (z)

we want to construct a Galilei invariant [ift of the collision to M. Set m = apu.

[\D

Lightlike O-lift. The elastic collision on ()  Timelike 1-lift. The elastic collision on () can b

can be regarded as the shadow of a colli-  garded as the shadow of a collision between part
sion on M in which only massless particles  of momentum
of momentum
x2 4+ 2
%2 41 =D o |
u M) , (4) 2
Py =5 | = | <)
(]
x? -1/
(%)
for which the shadow mass coincide with
are involved. mass.
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Conclusions

The relation of the inhomogeneous Little group and the Galilean group has been studied
in detail.

An application has been found in the transformation of shadows between screens
perpendicular to the direction of light and at rest in different inertial frames.

The shadow of a relativistic particle has been proved to behave as a classical particle with
a suitable shadow mass, as could have been expected from the fact that the Galilean

invariance in the reduced space is inherited from the original Poincaré invariance.

The projection of a relativistic collision and the inverse process of lifting a shadow have
been investigated.
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