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Multidimensional cosmological models (MCMs)

Multidimensional cosmological models can be viewed as a
generalization of the Friedmann-Robertson-Walker model,

considering a manifold

M = M0 ×M1 × · · · ×Mn

with decomposed metric

g = g (0) +
n∑

i=1

e2βi (x)g (i)

where x are some coordinates on the D0-dimensional external
spacetime M0 and g (i) are the metrics on the internal spaces Mi

(i = 1, . . . , n).
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Multidimensional cosmological models (MCMs)

Model and general setup

(M0, g
(0)),(M1, g

(1)),. . . ,(Mn, g
(n)): pseudo-Riemannian manifolds

Consider the product manifold

M = M0 ×M1 × · · · ×Mn

equipped with the metric

g = g (0) + f 2
1 g (1) + · · ·+ f 2

n g (n)

where f1, . . . , fn : M0 −→ R are positive functions.

(M, g) is called a multiply warped product, and it is denoted by

M = M0 ×f1 M1 × · · · ×fn Mn (dim M = D)

M0: external spacetime, dim M0 = D0 ≥ 2

Mi : internal spaces, dim Mi = Di

fi : scaling functions
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Local conformal flatness

Definition

A manifold (M, g) is locally conformally flat if for each point
p ∈ M there exists a neighbourhood V ⊂ M and a diffeomorphism
ϕ : U ⊂ Rn

s −→ V , such that ϕ∗g = φ2gRn
s
.

Characterization of locally conformally flat manifolds

dim M = 2 → Every surface is locally conformally flat.

dim M = 3 → (∇XC )(Y ,Z ) = (∇Y C )(X ,Z )

(C : Schouten tensor)

dim M ≥ 4 → W = 0

(W : Weyl tensor)
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Objective

MCM: M = M0 ×f1 M1 × · · · ×fn Mn, dim M0 = D0 ≥ 2

M is locally conformally flat ↔ W = 0

Aim

To describe the local structure of locally conformally flat MCMs.

As a consequence, we will show some restrictions on the number
and the geometry of the possible internal spaces of the model.
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MCMs and product metrics

g = g (0) + f 2
1 g (1) + · · ·+ f 2

n g (n)

↓

g = f 2
i

(
1

f 2
i

g (0) +
f 2
1

f 2
i

g (1) + · · ·+ g (i) + · · ·+ f 2
n

f 2
i

g (n)

)

Consequences

M0 ×f1 M1 × · · · ×fn Mn: locally conformally flat MCM

(i) (M0, g
(0)) is locally conformally flat.

(ii) (Mi , g
(i)) is a space of constant sectional curvature for all

i = 1, . . . n, provided that dim Mi = Di ≥ 2.

(iii) M0 ×f1 M1 × · · · × M̂i × · · · ×fn Mn is locally conformally flat
for all i = 1, . . . , n.
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Some notation

R curvature tensor

ρ Ricci tensor

τ scalar curvature

∇f gradient of f

∆f Laplacian of f

hf Hessian tensor of f

Hf Hessian form of f
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Weyl curvature tensor
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Weyl curvature tensor

W (α, β, γ, δ) = R(α, β, γ, δ)

+ τ
(D−1)(D−2)

{〈α, γ〉〈β, δ〉 − 〈β, γ〉〈α, δ〉}

− 1
D−2

{ρ(α, γ)〈β, δ〉 − ρ(β, γ)〈α, δ〉 + 〈α, γ〉ρ(β, δ) − 〈β, γ〉ρ(α, δ)}

(α, β, γ, δ ∈ L(M))
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Weyl curvature tensor (X ,Y ,Z ∈ L(M0), Ua,Va,Ta ∈ L(Ma))

Curvature tensor

RXY Z = RM0
XY Z ,

RVaX Y = 1
fa

Hfa (X , Y )Va, RXUaVa = 〈Ua,Va〉
fa

hfa (X ),

RUbUaVa = 〈Ua,Va〉
fafb

〈∇fa,∇fb〉Ub, a 6= b,

RUaVaTa = RMa
UaVa

Ta − 〈∇fa,∇fa〉
f 2
a

{〈Ua, Ta〉Va − 〈Va, Ta〉Ua}.

Ricci tensor

ρ(X , Y ) = ρM0 (X , Y ) −
P

i Di
Hfi

(X ,Y )

fi

ρ(Ua, Va) = ρMa (Ua, Va) − 〈Ua, Va〉
n

∆fa
fa

+ (Da − 1) 〈∇fa,∇fa〉
f 2
a

+
P

i 6=a Di
〈∇fa,∇fi 〉

fafi

o

Scalar curvature

τ = τM0 +
P

i
1
f 2
i

τMi −
P

i Di (Di − 1) 〈∇fi ,∇fi 〉
f 2
i

− 2
P

i Di
∆fi
fi

−
P

i,j 6=i DiDj
〈∇fi ,∇fj 〉

fi fj
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First step: M0 is a space of constant sectional curvature

M0 of constant sectional curvature

M0 ×fi Mi

M0 ×fi Mi ×fj Mj , i 6= j
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M0 of constant sectional curvature
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f 2
i

g (0)

M0 ×fi Mi

M0 ×fi Mi ×fj Mj , i 6= j
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First step: M0 is a space of constant sectional curvature

M0 of constant sectional curvature

g (0) 7→ 1

f 2
i

g (0) preserves the Einstein property

M0 ×fi Mi

M0 ×fi Mi ×fj Mj , i 6= j
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M0 ×fi Mi is locally conformally flat
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First step: M0 is a space of constant sectional curvature
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First step: M0 is a space of constant sectional curvature

Theorem

M = M0 ×f1 M1 × · · · ×fn Mn is locally conformally flat if and only
if the scaling functions satisfy

(i) Hfi = ∆fi
D0

g (0),

(ii) 〈∇fi ,∇fj〉 = fi fjK
M0 + 1

D0
fj∆fi + 1

D0
fi∆fj , (i 6= j),

(iii) KMi = 〈∇fi ,∇fi 〉 − 2
D0

fi∆fi − f 2
i KM0 , (dim Mi ≥ 2),

where KM0 and KMi denote the constant sectional curvatures of
(M0, g

(0)) and (Mi , g
(i)), respectively.
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Second step: M0 = U ⊂ RD0
s (1, s. . ., 1,−1, D0−s. . . ,−1)

Theorem
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Third step: Local structure

Theorem

M0 ×f1 M1 × · · · ×fn Mn is locally conformally flat if and only if the
scaling functions are locally determined, up to a conformal factor,
by the previous result.

Proof

(M0, g
(0)) locally conformally flat ←→ g (0) = Ψ2gU, U ⊂ RD0

s

g (0) + f 2
1 g (1) + · · ·+ f 2

n g (n) = Ψ2

(
gU + (

f1
Ψ

)2g (1) + · · ·+ (
fn
Ψ

)2g (n)

)
M0 ×f1 M1 × · · · ×fn Mn locally conformally flat

l
gU + ( f1

Ψ )2g (1) + · · ·+ ( fn
Ψ )2g (n) locally conformally flat

l
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Some direct consequences

Remark

U×f1 M1 × · · · ×fn Mn, U ⊂ RD0
s , locally conformally flat MCM

fi (
−→x ) = ai 〈−→x ,−→x 〉+ 〈

−→
b i ,
−→x 〉+ ci

ai , ci ∈ R,
−→
b i = (bi1, . . . , biD0) ∈ RD0

s

↓
−→
ξ i = (bi1, . . . , biD0 , ai , ci ) ∈ RD0+2

↓

1 . . .
s

1
−1 . . .

D0−s

−1
0 −2
−2 0
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Some direct consequences

Remark

1 . . .
s

1
− 1 . . .

D0−s
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0 − 2
− 2 0


−→
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−→
ξ j (i 6= j)

KMi = 〈
−→
ξ i ,
−→
ξ i 〉 (dim Mi ≥ 2)

Let M = M0 ×f1 M1 × · · · ×fn Mn be a locally conformally flat MCM.

1. M has, at most, (D0 + 2)-different internal spaces.

2. The sectional curvature of the internal spaces Mi is as follows:

1 There are at most s + 1 of positive curvature, and
2 there are at most D0 − s + 1 of negative curvature,

whenever dim Mi ≥ 2.
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Example with maximum number of internal spaces

Let U be a suitable open subset in RD0
s . Then,

M = U×f1 SD1 × · · · ×fs+1 SDs+1 ×fs+2 HDs+2 × · · · ×fD0+2
HDD0+2

with scaling functions

fi (
−→x ) = xi , i = 1, . . . , s,

fs+1(
−→x ) = 1− 1

4〈
−→x ,−→x 〉,

fi (
−→x ) = xi−1, i = s + 2, . . . , D0 + 1,

fD0+2(
−→x ) = 1 + 1

4〈
−→x ,−→x 〉.

is a locally conformally flat MCM.
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s . Then,

M = U×f1 SD1 × · · · ×fs+1 SDs+1

×fs+2 HDs+2 × · · · ×fD0+2
HDD0+2

with scaling functions

fi (
−→x ) = xi , i = 1, . . . , s,

fs+1(
−→x ) = 1− 1

4〈
−→x ,−→x 〉,

fi (
−→x ) = xi−1, i = s + 2, . . . , D0 + 1,

fD0+2(
−→x ) = 1 + 1

4〈
−→x ,−→x 〉.

is a locally conformally flat MCM.
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Example with maximum number of internal spaces

Let U be a suitable open subset in RD0
s . Then,
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Example with maximum number of internal spaces

Let U be a suitable open subset in RD0
s . Then,

M = U×f1 SD1 × · · · ×fs+1 SDs+1 ×fs+2 HDs+2 × · · · ×fD0+2
HDD0+2

with scaling functions

fi (
−→x ) = xi , i = 1, . . . , s,

fs+1(
−→x ) = 1− 1

4〈
−→x ,−→x 〉,

fi (
−→x ) = xi−1, i = s + 2, . . . , D0 + 1,

fD0+2(
−→x ) = 1 + 1

4〈
−→x ,−→x 〉.

is a locally conformally flat MCM.
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Example with compact internal spaces

Let U be a suitable open subset in RD0
s . Then,

M = U×f1 SD1 × · · · ×fs+1 SDs+1 ×fs+2 HDs+2 × · · · ×fD0+2
HDD0+2

with scaling functions

fi (
−→x ) = xi , i = 1, . . . , s,

fs+1(
−→x ) = 1− 1

4〈
−→x ,−→x 〉,

fi (
−→x ) = xi−1, i = s + 2, . . . , D0 + 1,

fD0+2(
−→x ) = 1 + 1

4〈
−→x ,−→x 〉.

is a locally conformally flat MCM.
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Example with compact internal spaces

Let U be a suitable open subset in RD0
s . Then,

M = U×f1 SD1 × · · · ×fs+1 SDs+1 ×fs+2 HDs+2 × · · · ×fD0+2
HDD0+2

with scaling functions

fi (
−→x ) = xi , i = 1, . . . , s,

fs+1(
−→x ) = 1− 1

4〈
−→x ,−→x 〉,

fi (
−→x ) = xi−1, i = s + 2, . . . , D0 + 1,

fD0+2(
−→x ) = 1 + 1

4〈
−→x ,−→x 〉.

is a locally conformally flat MCM.
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Example with compact internal spaces

Let U be a suitable open subset in RD0
s . Then,

M = U×f1 FD1
1 × · · · ×fs+1 FDs+1

s + 1 ×fs+2 FDs+2
s + 2 × · · · ×fD0+2

FDD0+2

D0 + 2

with scaling functions

fi (
−→x ) = xi , i = 1, . . . , s,

fs+1(
−→x ) = 1− 1

4〈
−→x ,−→x 〉,

fi (
−→x ) = xi−1, i = s + 2, . . . , D0 + 1,

fD0+2(
−→x ) = 1 + 1

4〈
−→x ,−→x 〉.

is a locally conformally flat MCM.
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Example with compact internal space as small as desired

Let U be a suitable open subset in RD0
s . Then,

M = U×f1 FD1
1 × · · · ×fs+1 FDs+1

s + 1 ×fs+2 FDs+2
s + 2 × · · · ×fD0+2

FDD0+2

D0 + 2

with scaling functions

fi (
−→x ) = xi , i = 1, . . . , s,

fs+1(
−→x ) = 1− 1

4〈
−→x ,−→x 〉,

fi (
−→x ) = xi−1, i = s + 2, . . . , D0 + 1,

fD0+2(
−→x ) = 1 + 1

4〈
−→x ,−→x 〉.

is a locally conformally flat MCM.
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Example with compact internal space as small as desired

Let U be a suitable open subset in RD0
s . Then,

M = U×f1 FD1
1 × · · · ×fs+1 FDs+1

s + 1 ×fs+2 FDs+2
s + 2 × · · · ×fD0+2

FDD0+2

D0 + 2

with scaling functions

fi (
−→x ) = αi xi , i = 1, . . . , s,

fs+1(
−→x ) = αs+1 (1− 1

4〈
−→x ,−→x 〉),

fi (
−→x ) = αi xi−1, i = s + 2, . . . , D0 + 1,

fD0+2(
−→x ) = αD0+2 (1 + 1

4〈
−→x ,−→x 〉).

is a locally conformally flat MCM.
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