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Introduction

These notes deal with the generalization to supermanifolds of the classical
approach to dynamical systems due to E. Cartan, by using the language of
the calculus of variations on jet bundles. A basic object in this formalism is
the so-called Poincaré—Cartan form, which can be defined in the non-graded
setting through different constructions. Here, we simply recall that if we have
a submersion p : M x R — R with M an m—dimensional C*° manifold, on
the tangent bundle we can construct a (1,1) tensor field on J*(p) (the space
of 1—jets of sections of p) through the formula J = J — A ® dt (with the
canonical almost tangent structure J and the Liouville vector field A) and,
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given a Lagrangian L € C*(J'(p)), the Poincaré—Cartan 1—form also on
J'(p):
ol =L, L+ ), (1)

AL = L - p*(dt) being the Lagrangian density associated to L, usually written
simply as A\ = L - dt.

From this point on, a number of results can be deduced in a straightfor-
ward manner, such as the Euler—Lagrange equations or the Noether theorems.
Our aim is to study first order Berezinian variational problems for fields on
supermanifolds, but with the techniques of the graded calculus of variations,
as these are well developed, see [1]. There exists a tool for doing this, known
as the Comparison Theorem, but there is a price we must pay: the theorem
guarantees that a first order Berezinian variational problem is equivalent (in a
sense to be made precise later) to a graded variational problem, but of higher
order.

2. Higher order Poincaré—Cartan superforms

For notations and basic results on supermanifolds, see [2], [5] and references
therein.

We will work with a graded submersion p : (N,B) — (M, A), with M
an oriented manifold with volume form n = d&' A ... A dZ™ = d™&. Negative
indices denote odd coordinates, and Greek ones sum over even and odd indices.
Often, use will be made of the notation n¢ = d%z' A ... A d2™ = dSz and
d% 2 will mean “dSx with the factor d%2? (with i € {1,...,m}) omitted”.
Also, we will use the notation (Jg(p),.AJ/é(p)) (or sometimes (Jé,.AJg) if p
is understood) for the graded bundle of k—jets over p. For definitions and
details, see [1]. Fibered coordinates are chosen in such a way that, along a
section o of p, j¥(o)* (yh) = %J* (y*) . Finally, L will denote an element of
A e, L= L(z®, y*, yh).

Now let &7, be a first order Berezinian density, which once a volume form on
the base manifold 7 is chosen, can be written as ¢ = [d%z'A...Ad“2™ ® dwd,l o
dxi_n]L. Our intention is to study the Cartan formalism for variational
problems, and in this formalism a central object is the so-called Cartan form,

denoted ®0L and locally given by

.. O

0L =3 3 (-1 S A @y — Y dCat yg)}gj +dCs I

i=1 p=-—s a=—n
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The graded analog of the vertical endomorphism of the tangent bundle
used in classical mechanics is,

o P
— _1\ym+i 3G i G, o 2
Jl.fz > (—1)mHdGat A dCy D 5y
i=1 B=—s 1
also, for each a € {—n,...,—1,1,....m},i € {1,...,m}, the graded analog of

the Liouville vector field reads,

T

, 0
_ m-+1i .
Api = gz_:s(_l) yg@,

and finally (we omit the summation symbols from now on, by using Einstein’s
convention), let us defines; := J; — d5a* A d%2% @ Ag;.
If we evaluate £G (L), we obtain: £G (L) = L — d%z - L, so that
Ji Ji 0 m

OF = LG, (L) + 1 - L. (2)

Formally, this expression is the same as (1), but now n% appears and J; also
contains a factor of this kind. To have @é intrinsically defined, it remains to
prove that J; is also intrinsically defined. Again, J; is the graded analogue
of the (1,m)—tensor field S, that appears in the non-graded case, see [7]
pgs 156 — 158. We will study the intrinsic construction of these objects, but
the generalization is not straightforward, as pointwise constructions are not
applicable in a graded context.

The geometrical setting needed to make these ideas precise, rests upon the
following results. Let (N, B) 2 (M, A) be a graded submersion. Consider the
cotangent supervector bundle on (M, A), ST*(M, A), and its pull-back to a
supervector bundle on (N, B), p*ST*(M, A). Also, let V(p) C ST (N, B) be the
vertical subspace of p, which is another supervector bundle on (N, B). Thus,
we have the product supervector bundle p*ST*(M, A)@V(p) over (N, B), with
a projection which we will denote m, and we can construct the diagram

J&(p)
L p1o
p*ST* (M, A) @ V(p) —— J&(p) = (N,B) > (M,A).

Now, consider the submersion py_1 : Jg_l(p) — (M, A) playing the role
of p. Then, if {z% y*, 2] }1<|fj<k—1 is a system of coordinates for Jg_l(p),
{z, y#, 2 wh} (with 1 < |K| < k, 1 < |I| < k—1 where the usual notation for
multi-indices is employed) is a system for J}(px—1) (note that, along sections,
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2f =y} and wi,, = z;), and we have a family of graded m—forms with

values on V((pr—1,1)1,0) whose local expressions are

0 n 0 i 0
= (D)™ Mo A0V @ 5 + 07T @ — + YK
Ji = (=1) Lozl < @ oyt + @ o + @ owty

(note that the sum ¢ » 7% A 0¥k ® MLM runs only up to |K| =k — 1), where
ox® iK

071 = d 2 —d%z®- 2!, and so on are the contact forms. The following theorem

tells us that this construction can be made intrinsically.

Theorem 1 ([5]) On JE(p) (for any k) there is defined a canonical graded
(Poincaré-Cartan) m—form with values on V((px)1,0) C V((Pk—1,1)1,0), which
we will denote Ji,, and whose local expression is (writing collectively 0% instead
of 0°1 and 6"k ) 5

Jo=(=1)""0 o 1% AT ® o,

where 0 < |I| < k — 1, with the usual convention 8§ = 6" when |I| = 0.

Definition 1 Generalizing (2), we define, for any L € .Ajg, the graded m— form

Of =£5 (L) +n% - L. (3)

These are the Poincaré—Cartan forms for higher order graded variational
problems. In the next Section we will see how to use them in order to solve
first order Berezinian variational problems.

3. The Comparison Theorem and Euler—Lagrange
equations

Roughly speaking, the Comparison Theorem states the following (see [3]):
given &1, = [del A NdC™ @ dxd_l 0---0 dccd—”] - L (with L € .Ajé) a first
order Berezinian density, the set of extremals for the variational problem it
determines is in a bijective correspondence with the set of extremals for the
variational problem associated to the (n+1)—th order graded density —\¢, =
dSz' A N dCa™ # (where n is the odd dimension of (M, .A)).

If we compare (2) and (3), we see that there are two a priori independent
ways for getting the Poincaré—Cartan form for the density)¢, . From (2), we

could construct OF = E% (L) + 1% - L and then compute

95+1:£i°"'oﬁcd 957 (4)

dz—1 dx— T
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d"L
dr—1l..dz—n

or we could just apply the definition (3) to
L d'L ~
(let us denote O+ ' 4~" simply as OF for obvious reasons)
d*L d"L
G e G v~
J"“(dx_l e da;_") R e sy

One of the main results in [5] is that these ways coincide.

cA i to get directly
AL
O,1=L

Theorem 2 ([5]) Let & be a first order Berezinian density, and let \¢, =
Azl A A dem%. Let ©F be the graded Poincaré-Cartan form
corresponding to —\¢, ; then (with the notation as above),

L _ AL
@n—i-l - @n+1'

Theorem 3 ([5]) A local section s of (N,B) 2 (M, A) is a critical section
for the Berezinian density £, = [dC2z' A ... AdC2™ @ dxd—l 0...0 d:cd*n] - L with
Le AJé, if and only if it verifies

(j"s)* (1xd®O©k, 1) =0 (5)
for every vector field X on Jg“(p), vertical over (M, A).

Of course, the local version of (5) are the Euler—Lagrange equations:
oL d 0L d 0L
n+1 \*
St G Ve (Y
(") <3y“ dz? oyt (=1) dx—J ay”]) 0

4. Noether Theorem and supersymmetries

As in the classical (non-graded case), we can study the invariance of variational
densities, and the associated Noether—type theorems..

Definition 2 A p—projectable vector field X on (N,B) is said to be an in-
finitesimal supersymmetry of the Berezinian density £, = [dC2z" A ... Ad%2™ ®
daj%l 0..o0 d%n] - L with L € AJCI;, if £§((n+1)§L = 0,where X(,41) is the
(n + 1)—jet extension of X by contact graded infinitesimal transformations
and LS is the graded Lie derivative.

Definition 3 A graded vector field X' on (M, A) is said to have a graded
divergence with respect to a graded volume m-formn& on (M, A) if there exists
a function f € A such that Eg’;,nG = 0% f.In this case, we put f = divg(X'). A
graded vector field X on (N, B) is said to have divergence if it is p—projectable
and if its projection X' has divergence.
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Definition 4 Let X' be a graded vector field on (M, A). Given a Berezinian
density € on (M, A), a function g € A exists such that LS, [€] = (—1)XI1El[¢]-g;
we put g = divg(X') and call it the Berezinian divergence of X'..

Theorem 4 ([5]) Assume X is an infinitesimal supersymmetry of the Berezinian
density £ = [dC2' A .. ANdC2™ @ L1 0.0 #] -L (with L € Ajé) such that

dzx

1. The projection X' of X onto (M, A) has divergence with respect to dz* A
L ANdG™,

2. divp(X') = divg(X').
Then, for every critical section s of &1, we have

Gr( n+1 Ly _
A" 8) " (1x20)©7)] = 0.
The superfunctions ¢ Xn +1)@L appearing in the statement, are called Noether
supercurrents. Analogously, the graded vector fields X satisfying the condi-
tions of the Theorem (and, in general, those leading to Noether supercurrents,
note that these conditions are sufficient, not necessary) are called Noether

supersymmetries.

Corollary 1 ([5]) Assume X is a p—vertical graded vector field which also
is an infinitesimal supersymmetry of the Berezinian density &, = [d9z A ... A
dCz™ @ dxdfl 0...0 dzd,n]L (with L € .Ajé). Then, for every critical section s
of &1, we have

d9N(j" " 5) (1,41, O7)] = 0.

5. An example

Consider (M,C*(M)). In this supermanifold, there are no negative index
supercoordinates so we will denote them by {z?}?=HmM A classical regular
Lagrangian L € C®(J' (7 : R x M — M)) can be lifted to J'(p : R x
(M, A) — ]Rm) and then we can apply all the results of the previous sections.
In particular, we can determine a space denoted (S,.4g), which will be called
the space of solutions, in which dO¥ is a symplectic superform; this space
of solutions is graded isomorphic to (T'M,Q(T'M)) endowed with the Koszul-
Schouten form Zxg (Theorem 14.5 in [4]). If in TM we take the classical
canonical coordinates given by L, {z¢,p' = gfi n_,, then {z%,p, x~" p~i}1 ,
is a supercoordinate system on (T'M,Q(TM)) and the Koszul-Schouten form
is

Exs =d%2 " d%p’ +d%2"d%p".
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Moreover, the superhamiltonian vector field corresponding to the super-
function B, = LG (L — AL) (the superenergy associated to the Lagrangian,
ds

here s is the odd coordinate in R') is
XEL = _ﬁXH - d7

where H is the classical Hamiltonian associated to L (i.e, H = zip’ — L)
and X is the corresponding Hamiltonian vector field given by the classical
symplectic structure induced by L.

In this context, we can prove the following result:

Theorem 5 ([6]) The space of solutions of the graded variational problem
determined by a classical Lagrangian L € C®°(JY(m : M x R — R)), has the
structure of a Batalin-Vilkovisky algebra, and the superenergy S = Ef is a
solution of the associated Master Equation.

References

[1] D. Herndndez Ruipérez, J. Munoz Masqué: Global variational calculus on
graded manifolds 1. J. Math. pures et appl. 63 (1984), 283-309.

[2] Y. I Manin: Gauge field theory and complex geometry. Grund. der Math.
Wiss. 289. Springer Verlag (Berlin) 1988.

[3] J. Monterde: Higher order Graded and Berezinian Lagrangian densi-
ties and their Euler-Lagrange equations. Ann. Inst. Henri Poincaré, 57 1
(1992), 3-26.

[4] J. Monterde, J. Munoz-Masqué: Hamiltonian formalism in supermechan-
ics. Int. J. of Theoretical Physics (2002) 41, 3, 429-458.

[5] J. Monterde, J. Munoz-Masqué, J. A. Vallejo: The Poincaré-Cartan form
in superfield theories. Preprint 2005.

[6] J. Monterde, J. A. Vallejo: The symplectic structure of Euler-Lagrange
equations and Batalin-Vilkoviski formalism: J. Phys. A 36 (2003) 18,
4993-5009.

[7] D. J. Saunders: The geometry of jet bundles. London Mathematical So-
ciety Lecture Notes Series 142. Cambridge University Press 1989.



