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Multidimensional cosmological models (MCMs)

Multidimensional cosmological models can be viewed as a
generalization of the Friedmann-Robertson-Walker model,
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Multidimensional cosmological models (MCMs)

Multidimensional cosmological models can be viewed as a
generalization of the Friedmann-Robertson-Walker model,
considering a manifold

M= My x My x---x M,

with decomposed metric

where x are some coordinates on the Dy-dimensional external
spacetime My and g{?) are the metrics on the internal spaces M;

(i=1,...,n).
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Multidimensional cosmological models (MCMs)

Model and general setup
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Multidimensional cosmological models (MCMs)

Model and general setup

(Mo, g©),(My, gM),... (M,,g™M): pseudo-Riemannian manifolds

Consider the product manifold

M= My x My x---x M,
equipped with the metric

where f1,...,f, : My — R are positive functions.
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Multidimensional cosmological models (MCMs)

Model and general setup

(Mo, g©),(My, gM),... (M,,g™M): pseudo-Riemannian manifolds

Consider the product manifold
M:M()XMlX---XMn
equipped with the metric

where f1,...,f, : My — R are positive functions.

(M, g) is called a multiply warped product, and it is denoted by
M:M()XflMlX"'anMn (diml\/I:D)
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Multidimensional cosmological models (MCMs)

Model and general setup

(Mo, g©),(My, gM),... (M,,g™M): pseudo-Riemannian manifolds

Consider the product manifold
M:M()XMlX---XMn
equipped with the metric
g — g(o) _|_ f12 g(l) + 000 _|_ fn2 g(n)

where f1,...,f, : My — R are positive functions.

(M, g) is called a multiply warped product, and it is denoted by
M:M()XflMlX"'anMn (diml\/I:D)

o My: external spacetime, dim My = Dy > 2
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Multidimensional cosmological models (MCMs)

Model and general setup
(Mo, g©),(My, gM),... (M,,g™M): pseudo-Riemannian manifolds

Consider the product manifold

M= My x My x---x M,
equipped with the metric
g — g(o) _|_ f12 g(l) + 000 _|_ fn2 g(n)

where f1,...,f, : My — R are positive functions.

(M, g) is called a multiply warped product, and it is denoted by
M:M()XflMlX"'anMn (diml\/I:D)

o My: external spacetime, dim My = Dy > 2
@ M;: internal spaces, dim M; = D;

e f;: scaling functions
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Local conformal flatness
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Local conformal flatness

Definition

A manifold (M, g) is locally conformally flat if for each point
p € M there exists a neighbourhood V C M and a diffeomorphism
¢ :UCR? — V, such that p*g = ¢2an.
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Local conformal flatness

Definition

A manifold (M, g) is locally conformally flat if for each point
p € M there exists a neighbourhood V C M and a diffeomorphism
¢ :UCR? — V, such that p*g = ¢2an.

Characterization of locally conformally flat manifolds

@ dmM =2 —  Every surface is locally conformally flat.
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Local conformal flatness

Definition

A manifold (M, g) is locally conformally flat if for each point
p € M there exists a neighbourhood V C M and a diffeomorphism
¢ :UCR? — V, such that p*g = ¢2an.

Characterization of locally conformally flat manifolds

@ dmM =2 —  Every surface is locally conformally flat.

e dmM=3 — (VxCO)(Y,Z)=(VyC)(X,2)
(C: Schouten tensor)
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Local conformal flatness

Definition

A manifold (M, g) is locally conformally flat if for each point
p € M there exists a neighbourhood V C M and a diffeomorphism
¢ :UCR? — V, such that p*g = ¢2an.

Characterization of locally conformally flat manifolds

@ dmM =2 —  Every surface is locally conformally flat.
e dmM=3 — (VxCO)(Y,Z)=(VyC)(X,2)

(C: Schouten tensor)
e dmM>4 — W=0

(W: Weyl tensor)
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Ramén Vazquez Lorenzo MCMs

ing Weyl curvature tensor




MCM: M:M()Xfl M1><‘--><ann, dimM0:D022
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M is locally conformally flat «— W =0
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MCM: M:M()Xfl M1><‘--><ann, dimM0:D022

M is locally conformally flat «— W =0

To describe the local structure of locally conformally flat MCMs.
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MCM: M:M()Xfl M1><‘--><ann, dimM0:D022

M is locally conformally flat «— W =0

To describe the local structure of locally conformally flat MCMs.

As a consequence, we will show some restrictions on the number
and the geometry of the possible internal spaces of the model.
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MCMs and product metrics
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MCMs and product metrics
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MCMs and product metrics

Consequences

Mo x5 My X -+ x¢g My locally conformally flat MCM
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MCMs and product metrics

Consequences

Mo x5 My X -+ x¢g My locally conformally flat MCM

(i) (Mo, g(®) is locally conformally flat.
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MCMs and product metrics

Consequences

Mo x5 My X -+ x¢g My locally conformally flat MCM

Mo,g(o)) is locally conformally flat.

(
(i) (M;, &) is a space of constant sectional curvature for all
i=1,...n, provided that dim M; = D; > 2.
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MCMs and product metrics

Consequences

Mo x5 My X -+ x¢g My locally conformally flat MCM

Mo,g(o)) is locally conformally flat.

(
(i) (M;, &) is a space of constant sectional curvature for all
i=1,...n, provided that dim M; = D; > 2.

—

(i) Mo xg My X -- M; x --- x¢ M, is locally conformally flat

- X
forall i=1,...,n.
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R curvature tensor
p Ricci tensor

T scalar curvature
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R curvature tensor
p Ricci tensor

T scalar curvature

Vi gradient of f
Af Laplacian of f

hs  Hessian tensor of f

Hf  Hessian form of f
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Weyl curvature tensor
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Weyl curvature tensor

W(e, 8,7,0) = R(e, 8,7, )
+ w,lfw{@fﬂﬂﬁa 8) — (B,7)(x, )}

- ﬁ{p(a77)<ﬂ7 §> - p(ﬁ: 7)(0" 5> + <C¥,’Y>p(ﬁ, 5) - <ﬁ,’Y>p(C¥,5)}

(@, B,7,6 € £(M))
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Weyl curvature tensor

W(e, 8,7,0) = R(e, 8,7, 9)
+ w,lfw{@fﬂﬂﬁa 8) — (B,7)(x, )}

- ﬁ{/’(a77)<ﬂ7 6) = p(B,7){ev, 8) + (e, 7)p(B, 0) — (B, v) (e, 0)}

(@, B,7,6 € £(M))
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Weyl curvature tensor (X,Y,Z € £(My), Us, Vi, T, € £(M,))

Curvature tensor
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Weyl curvature tensor (X,Y,Z € £(My), Us, Vi, T, € £(M,))

Curvature tensor

RxyZ = R{LZ,

RuxY = LHo (X, Y)Va, Ry, Vo = %2l h (X),

Rupu, Vo = L8l (V6 Vh) Uy, a# b,

Ruv, To = Ry, To — BXEL LU, T )V, — (Va, Ta) Us}.
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Weyl curvature tensor (X,Y,Z € £(My), Us, Vi, T, € £(M,))

Curvature tensor

RxyZ = R{LZ,

RuxY = LHo (X, Y)Va, Ry, Vo = %2l h (X),

Rupu, Vo = L8l (V6 Vh) Uy, a# b,

Ruv, To = Ry, To — BXEL LU, T )V, — (Va, Ta) Us}.

Ricci tensor
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Weyl curvature tensor (X,Y,Z € £(My), Us, Vi, T, € £(M,))

Curvature tensor

RxyZ = R{LZ,

RuxY = LHo (X, Y)Va, Ry, Vo = %2l h (X),

Rupu, Vo = L8l (V6 Vh) Uy, a# b,

Ruv, To = Ry, To — BXEL LU, T )V, — (Va, Ta) Us}.

Ricci tensor

p(X, ) = pMo(X, v) — 3, D; Y

p(ua,va):pMa(Ua,va)—<ua,va>{Af:a+(Da_ 1) TTe 4 >, ThTi)
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Weyl curvature tensor (X,Y,Z € £(My), Us, Vi, T, € £(M,))

Curvature tensor

RxyZ = R{LZ,

RuxY = LHo (X, Y)Va, Ry, Vo = %2l h (X),

Rupu, Vo = L8l (V6 Vh) Uy, a# b,

Ruv, To = Ry, To — BXEL LU, T )V, — (Va, Ta) Us}.

Ricci tensor

p(X, Y) = pMo(X, Y) — 3, ; 2EY)

p(ua,va):pMa(Ua,va)—<ua,va>{Afafa+(Da_ 1) TTe 4 >, ThTi)

Scalar curvature

A
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Weyl curvature tensor

Curvature tensor

—~
2
—~
~—
LY
L)
L
—~
=
~—
~

RxyZ = R{LZ,

Ry,xY = %Hfa(x, Y)Vs,

Lol (91, V£y) U,

X, Y, Z e &(Mpy), Us, Vo, T, € £

Rxu,Va = %hfa(x)v

a# b,

%{(ua, Ta) Vs — (Vs, Ta)Us}.

RUbUa Vo=
Ru,v, Ta = ngava T, —
Ricci tensor
He (X,Y
p(X, Y) = pMo(X, Y) — 3, ; 2EY)

p(Ua, Vi) = PM‘Z(Um Va) = (Ua, Va) {Afa

Mo 1 (D, —

(V£,VF)

(Vfa7Vfa>
) + Zl#a faf;

}

Scalar curvature

T=7M 43, LM — 3 Di(Di -

)<v V)

—23, D5 - > iji DiDj

<w,,w>

A

Ramén Vazquez Lorenzo
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First step: M is a space of constant sectional curvature
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First step: M is a space of constant sectional curvature

My of constant sectional curvature
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First step: M is a space of constant sectional curvature

My of constant sectional curvature

1
g(o) — ﬁg(o) preserves the Einstein property
i
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First step: M is a space of constant sectional curvature

My of constant sectional curvature
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First step: M is a space of constant sectional curvature

My of constant sectional curvature
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First step: M is a space of constant sectional curvature

My of constant sectional curvature

Di(D;—1 ar N
W(X,Y,X,Y) = mripenbat=) {KM“F o F _%}

i

X,YeL(Mo)
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First step: M is a space of constant sectional curvature

My of constant sectional curvature

Di(Di—1 Af; V£,V
W(X,Y,X,Y) = (D0+D( 1)(&155 =) {KM°+ 5% %}

X,YeL(Mo)
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First step: M is a space of constant sectional curvature

My of constant sectional curvature

Mo x ¢ M; is locally conformally flat

2 Afi KM (V£ VF) :
Mo i - iy i _ >
K™ + 7D0 3 + fiz 71? 0 (dim M; > 2)
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First step: M is a space of constant sectional curvature

My of constant sectional curvature

Mo x ¢ M; is locally conformally flat

2 Afi KM (V£ V) -
— — = 0 =
Dy 7 + 7 7 0 (dim M; > 2)

KMo +

V.
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First step: M is a space of constant sectional curvature

My of constant sectional curvature

Mo x ¢ M; is locally conformally flat

2 Afi KM (V£ V) -
— — = 0 =
Dy 7 + 7 7 0 (dim M; > 2)

KMo +

W(X,Y,X,Y) = - {KMo+

Af Afi (V£ VE)
" (Do+Di+D;j—1)(Do+D;+D;—2) Dof; ' Dof; fif;

X,YeL(Mo)

v
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First step: M is a space of constant sectional curvature

My of constant sectional curvature

Mo x ¢ M; is locally conformally flat

2 Afi KM (V£ V) -
— — = 0 =
Dy 7 + 7 7 0 (dim M; > 2)

KMo +

Mo Xﬁ.M,'ijM',i#j,

= 2DiDiexey Mo Af, | Afi (Vi Vf)
WX, Y, X,Y) = o700 D52 {K o T Do T A

X,YeL(Mo)

v
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First step: M is a space of constant sectional curvature

My of constant sectional curvature

Mo x ¢ M; is locally conformally flat

2 Afi KM (V£ V) -
— — = 0 =
Dy 7 + 7 7 0 (dim M; > 2)

KMo +

Mo x¢. M xg M;, i # j, is locally conformally flat

Af | Af (VF,VE)
jMoy BN Bt SV VI
T oof TDof fE O
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First step: M is a space of constant sectional curvature

Mo Xf Ma X - Xf M,,

n

Ml X o0 Xg
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First step: M is a space of constant sectional curvature

MO Xf Mn

X,Y,... U, Vi, ... Usy Vs, - .. Un, Vi, - . .

Ma X o0 Xf

n

Ml X o0 Xg

a
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First step: M is a space of constant sectional curvature

Mo Xf Ml X oo Xf Ma X Xf M,,
X,Y,... U, Vi, ... Uqy Vs . . Upy Vs - - -
W(X,Y,X,Y) W(X, Us, X, Uy)

W(Ua7 Ub7 Ua7 Ub) W(Ua7 v57 Ua7 Va)
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First step: M is a space of constant sectional curvature

Mo Xf Ml X oo Xf Ma X Xf M,,
X,Y,... U, Vi, ... Uqy Vs . . Upy Vs - - -
W(X,Y,X,Y) W(X, Ua, X, Us)

W(Ua7 Ub7 Ua7 Ub) W(Ua7 v57 Ua7 Va)

ExeyW(X, Y,X, Y)

D;(D; V£, VF 2Af;
=12 (D (1)(D )2) {KMO_ < 2 L1 f2 -+ Dgf}

i

D;D; My _ (Vfi,Vf) Af; Af;
+E,ﬁé, D-1) (D= 2){K fr T Dof T Dof
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First step: M is a space of constant sectional curvature

Mo Xf Ml X oo Xf Ma X Xf M,,
X,Y,... U, Vi, ... Uqy Vs . . Upy Vs - - -
W(X,Y,X,Y) W(X, Ua, X, Us)

W(Ua7 Ub7 Ua7 Ub) W(Ua7 v57 Ua7 Va)

ExEyW(X, Y,X, Y)

_ D;(D; Mo _ (V£,VF) 2Af;
=12 (D (1)(D)2){K ot f2 +Dof}

i

D;D; My _ (Vfi,V£) Af; Afj
+Z,ﬁé, D-1) (D= 2){K 7F T Dof T Dof
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First step: M is a space of constant sectional curvature

My,

X,Y,... U, Vi, ... Usy Vs, - .. Un, Vi, - . .

Ma X o0 Xf

n

Ml X o0 Xg

a

W(X,Y,X,Y)=0  W(X,Us, X, U)
W(Ua7 Ub7 Ua7 Ub) W(Ua7 v57 Ua7 Va)
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First step: M is a space of constant sectional curvature

My,

X,Y,... U, Vi, ... Usy Vs, - .. Un, Vi, - . .

Ml X o0 Xg

a

Ma X o .. Xf-

n

WX, Y, X,Y)=0  W(X, U, X, Us)
W(Ua7 Ub7 Ua7 Ub) W(Ua7 v87 Ua: Va)

EXEU, W(X7 Uaa X7 Ua)

_ D(D —-1) M (VF, V1) 2Af;
Z ){KO_T+ f2+Dof}

Mo _ (Vfi, V1) f. Af;
+ 200 2 = 1 D 2){K fir +D0f,-+D0fj
D [(VEYE) _ AL _ AR _ M

+2iza D { hf Dot ~ Dof — K

(V£,VE) KMa 2Af, Mo
+D2{ 72 _f;_Dof;_K

Ramén Vazquez Lorenzo MCMs with vanishing Weyl curvature tensor



First step: M is a space of constant sectional curvature

My,

X,Y,... U, Vi, ... Usy Vs, - .. Un, Vi, - . .

Ma X o .. Xf-

n

Ml X o0 Xg

a

WX, Y, X,Y)=0  W(X, U, X, Us)
W(Ua7 Ub7 Ua7 Ub) W(Ua7 v57 Ua7 Va)

exey, W(X, Us, X, U,)
72 D(D -1) ){K/woi(foVf)+ €0 Jr%Aof}
+2 Zﬁe, (D= 1 D 2){KM0 M+D0f+DA7%}
+Zi;£a D’?z{m}’:ﬁ) _%_%_KMO}

(V6 V)  KMa 2Af oMy
+Dz{ 2 7 ~op K
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First step: M is a space of constant sectional curvature

My,

X,Y,... U, Vi, ... Usy Vs, - .. Un, Vi, - . .

Ma X o0 Xf

n

Ml X o0 Xg

a

WX, Y, X,Y)=0  W(X,UsX,Us) =0
W(Ua7 Ub7 Ua7 Ub) W(Ua> Va7 Ua7 Va)
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First step: M is a space of constant sectional curvature

Mo

X,Y,...

Xf Ml X

Ui, Vi, ...

W(X,Y,X,Y)=0

W(U,, Us, Us, Us)

Xf,

a

M, x
Uz, Va, ...
W(X, Uy, X, U,) =0
W(Ua, Va7 Ua7 Va)

Xf,

n

My,

Uns Vs - - -

eu,eu, W(Ua, Up, Us, Up)

D;(D;—

+ Zi#a
+ iz
D,—1
o=

Dp—1
+ 53

e {K’V’o _

— 1) (Vfi, Vi)
= 5 2By { e - 0

D; D;
+z zj#l D—1) D 2)

D—2

D—2

f2

KMo _
{ 0
D; [ (Vfa,Vf)
faf

D; [ (Vf,Vf)
fofi

(Vf2,V)  kMa
T2 2 Dofs

N, Vhp) _ KYe _ 28f

2 2

3 fy

(V £,V 1) Afy
Dofp

Afy
fafp + Dofs +

(V£,V6)

J’_

+

PN
Dof;

Af,
Dof T Dof }

Ramén Vazquez Lorenzo MCMs with vanishing Weyl curvature tensor




First step: M is a space of constant sectional curvature

Mo ><f1 Ml X 0 X£

a

Ma X o .. Xf-

n

My,

X,Y,... U, Vi, ... Usy Vs, - .. Un, Vi, - . .

W(X,Y,X,Y)=0 W(X, U, X, U,) =0

W(Us, Us, Us, Us) W(Us, Vs, Us, Vi)
eu,eu, W(Us, Up, Us, Up) = ¥ 255 {K’V’O — <WF7W> + fz L4 gﬁg}
+ 2 2 o102 D 2) {KMO_ <w W> + Dgf + Dof}
S . % —KMO}

Dp—1 ) (V£,Vf) KM 2Af, oM,
+ D—2 { fb2 fb2 Dofp K

+{K’V’0 _ (V£,V) + Af, + Afy

Ramén Vazquez Lorenzo MCMs with vanishing Weyl curvature tensor



First step: M is a space of constant sectional curvature

Mo Xf Ml X oo Xf Ma X Xf M,,
X, Y, ... Ui, Vi, ... Usy Vay . .. Uny Vs« ..
W(X,Y,X,Y)=0 W(X, Uy, X, Us) = 0
W(Uay Ub: Ua7 Ub) =0 W(Ua7 va> Ua7 Va)
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First step: M is a space of constant sectional curvature

Mo Xf Ml X Xf, Ma X Xf M,,
X, Y, ... Uy, Vi, Us, Va, - . (V9 S
W(X,Y,X,Y)=0 W(X, U, X, U,) =0

W(Ua7 Ub7 Ua7 Ub) =0 W(Uaa Va‘, U-37 Va)

EU,EV, W(Ua, Va, Ua7 Va)
_ D(D —1) M (Vfi, Vi) 2AF
Z ){Ko—f‘f' fz +Dof}
M, (V£,VFE) Af Af;
+2 Zﬂé,(o 1(D 2){K°_TJ Dof; Doé}

2D; [(VEVE) AR Af M
+2isa D= 2{ ii Dot Dor K
2(D,—1) [ (VL VE)  KMa  2Af, Mo
+=p= { 72 m — D K
Mo _ (VfaVf) | KM | 2Af,
+{K i N A
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First step: M is a space of constant sectional curvature

Mo Xf Ml X oo Xf Ma X Xf M,,
X, Y, ... Ui, Vi, ... Usy Vay . .. Uny Vs« ..
W(X,Y,X,Y)=0 W(X, Uy, X, Us) = 0
W(Ua7 Ub: Ua7 Ub) =0 W(Uaa Va‘, U-37 Va)

eu,ev, W(U,, Va, Us, Vs)
- % #56 IM{K%—W;—W 7 B
+> ZJ# (= 1(D 2){KMO_W+DAO%+DAT%}

+ { KMo — L VAL 4 Kt 20
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First step: M is a space of constant sectional curvature

Mo Xf Ml X oo Xf Ma X Xf M,,
X, Y, ... U, Vi, ... (V7 VA [V VAR
W(X,Y,X,Y)=0 W(X, U, X,U,) =0
W (Us, Uy, U, Up) =0 W(U,, Va, Us, V) = 0
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First step: M is a space of constant sectional curvature

M = My xg My x -+ x¢ My is locally conformally flat if and only
if the scaling functions satisfy

—~~

I) Hfl. — %gg(o)7
(i) (V6,VG) = FEKM + GHAL+ AAG (£,
(ii)) KM = (V£ VE) — ZEAf - £2KM,  (dim M; > 2),

where KMo and KMi denote the constant sectional curvatures of
(Mo, @) and (M;, g(), respectively.
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Second step: My = 4 C RD
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Second step: My = 4 C RD

M =3 xg My X --- X¢ M, is locally conformally flat if and only if
the scaling functions satisfy

Af;
H, — =1 5(0)
fi Do g
and moreover the scaling functions are compatible in the sense
that

(VE,V6) = KM+ S Af+ NG (i)

Dy Dy
and the sectional curvature of each internal space of dim M; > 2 is
given by

2
KM = (V£ V) — S — £2K.
0
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Second step: My = 4 C RD

M =3 xg My X --- X¢ M, is locally conformally flat if and only if
the scaling functions satisfy

Af;
Hy = ©)
fi Do g
and moreover the scaling functions are compatible in the sense
that

(VE,V6) = KM+ S Af+ NG (i)

Dy Dy
and the sectional curvature of each internal space of dim M; > 2 is
given by

2
KM = (V£ V) — S — £2K.
0
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Second step: My = 4 C RD

M =3 xg My X --- X¢ M, is locally conformally flat if and only if
the scaling functions satisfy

f(X) = ai(X, X) + (b, X) + ¢

— Y D,
for all x € 4, where a;,c; € R and b; € RS, and moreover the
scaling functions are compatible in the sense that

1 1
(V6 VE) = KM + —EAf + —FAf (i #))
Do Do

and the sectional curvature of each internal space of dim M; > 2 is
given by
2

fAf — 7KMo,
Do '

KM = (V£ V£)
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Second step: My = 4l C R

M =3 xg My X --- X¢ M, is locally conformally flat if and only if
the scaling functions satisfy

f(X) =ai(X, X)+(b;,X) + ¢

— i D,
for all x" € 4, where a;,¢c; € R and b; € RS°, and moreover the
scaling functions are compatible in the sense that

1 1
(VE,VE) = KM + —6Af+ —fAf (i #))
Do Do

and the sectional curvature of each internal space of dim M; > 2 is
given by
2

fAf — 7KMo,
Do '

KM = (V£, V£)
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Second step: My = 4 C RD

M = U xg My X -+ X¢ My is locally conformally flat if and only if
the scaling functions satisfy

A(X) = ai(X, %)+ (b, X))+ ¢

— g D
for all X" € 4, where a;,c; € R and b; € R;°, and moreover the
scaling functions are compatible in the sense that
—

<b,‘,3>j> :2(3,'Cj+3jci) (’75./)

and the sectional curvature of each internal space of dim M; > 2 is
given by

2
KM = (Vf;, V) = S finf — £2K".
0
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Second step: My = 4 C RD

M = U xg My X -+ X¢ My is locally conformally flat if and only if
the scaling functions satisfy

A(X) = ai(X, %)+ (b, X))+ ¢

— g D
for all X" € 4, where a;,c; € R and b; € R;°, and moreover the
scaling functions are compatible in the sense that
—

(b1, b)) =2(aig +ac) (i #J)

and the sectional curvature of each internal space of dim M; > 2 is
given by

2
KM = (V£ VF) — o i = f2KMo.
0
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Second step: My = 4l C R

M =3 xg My X --- X¢ M, is locally conformally flat if and only if
the scaling functions satisfy

—
£(X) = ai(X, %)+ (b1, X) + ¢
— - D,
for all x" € 4, where a;,¢; € R and b; € RS°, and moreover the
scaling functions are compatible in the sense that
—

(61 b)) =2aig +a) (i £))

and the sectional curvature of each internal space of dim M; > 2 is
given by
M — —
K ’:<b,', b,-)—4a,-c,-.
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Third step: Local structure
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Third step: Local structure

Mo x5 My x -+ Xg My is locally conformally flat if and only if the
scaling functions are locally determined, up to a conformal factor,
by the previous result.
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Third step: Local structure

Theorem

Mo x5 My x -+ Xg My is locally conformally flat if and only if the
scaling functions are locally determined, up to a conformal factor,
by the previous result.

Proof

(Mo,g(o)) locally conformally flat «—— g(@ = w?g,, $(C R
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Third step: Local structure

Theorem

Mo x5 My x -+ Xg My is locally conformally flat if and only if the
scaling functions are locally determined, up to a conformal factor,
by the previous result.

Proof

(Mo,g(o)) locally conformally flat «—— g(@ = w?g,, $(C R

\ f fos in
2O 4 £250) 4 f2g00 2 (gu F(Byg 4t (lyg ))
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Third step: Local structure

Theorem

Mo x5 My x -+ Xg My is locally conformally flat if and only if the
scaling functions are locally determined, up to a conformal factor,
by the previous result.

Proof

(Mo,g(o)) locally conformally flat «—— g(@ = w?g,, $(C R

) f fos in
2O 4 £250) 4 f2g00 2 (gu F(Byg 4t (lyg ))

Mo x5 My < -+ x¢ M, locally conformally flat
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Third step: Local structure

Theorem

Mo x5 My x -+ Xg My is locally conformally flat if and only if the
scaling functions are locally determined, up to a conformal factor,
by the previous result.

Proof

(Mo,g(o)) locally conformally flat «—— g(@ = w?g,, $(C R

\ f fos n
2O 4 £250) 4 f2g00 2 (gu (e ¢ (s ))

Mo x¢g My X -+ - x¢ M, locally conformally flat

!

gy + (%)2g(1) +t (%)2g(”) locally conformally flat
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Third step: Local structure

Theorem

Mo x5 My x -+ Xg My is locally conformally flat if and only if the
scaling functions are locally determined, up to a conformal factor,
by the previous result.

Proof

(Mo,g(o)) locally conformally flat «—— g(@ = w?g,, $(C R
fi fa
g0+ gM +- + g = w2 (gu +(g e+ + (w)2g(")>

Mo x¢g My X -+ - x¢ M, locally conformally flat

R

fi

gu + ($)2g(1) + 4 ( (") locally conformally flat

)2

€k

><l<—>

(£)(X) = (ai(X, X) + (b, X) + )
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Third step: Local structure

Theorem

Mo x5 My x -+ Xg My is locally conformally flat if and only if the
scaling functions are locally determined, up to a conformal factor,
by the previous result.

Proof

(Mo,g(o)) locally conformally flat «—— g(@ = w?g,, $(C R
fi fa
g0+ gM +- + g = w2 (gu +(g e+ + (w)2g(")>

Mo x¢g My X -+ - x¢ M, locally conformally flat
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Some direct consequences
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Some direct consequences

U xpg My x - Xg My, 8 C R locally conformally flat MCM
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Some direct consequences

U xpg My x - Xg My, 8 C R locally conformally flat MCM

£(X) = ai(X, X) + (b1, X) + ¢

q 5 _)~ = g H Do
a,,c,ER, bl_(bll7"'7b’D0)€RS
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Some direct consequences

U xpg My x - Xg My, 8 C R locally conformally flat MCM

£(X) = (X, X) + (b1, X) +

q 5 _)~ = g H Do
a,,c,ER, bl_(bll7"'7b’D0)€RS
1

_
€= (bir,- -, bin,, ai, ¢;) € RP+2
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Some direct consequences

U xpg My x - Xg My, 8 C R locally conformally flat MCM

£(X) = ai(X, X) + (b1, X) + ¢

q 5 _)~ = g H Do
a,,c,ER, bl_(bll7"'7b’D0)€RS

!
?i = (b1, - -, bipy, ai, ¢i) € RP+2
!
1 . s
1
S
-1
0 -2
-2 0
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Some direct consequences

U xpg My x - Xg My, 8 C R locally conformally flat MCM

£(X) = (X, X) + (b1, X) +

q 5 _)~ = g H Do
a,,c,ER, bl_(bll7"'7b’D0)€RS

!
?i:(bile---abiDoﬂath)GRDO+2
!
1
. s — = . g
.1 (b, b)) =2(aic; +ajc;) (i #J)
1,
-1
0 -2
-2 0
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Some direct consequences

U xpg My x - Xg My, 8 C R locally conformally flat MCM

£(X) = ai(X, X) + (b1, X) + ¢

q 5 _)~ = g H Do
a,,c,ER, bl_(bll7"'7b’D0)€RS

!
?i = (b1, - -, bipy, ai, ¢i) € RP+2
!
1 . s
' 1 &qL fj (’ #J)
-1,
-1
0 -2
-2 0
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Some direct consequences

U xpg My x - Xg My, 8 C R locally conformally flat MCM

£(X) = ai(X, X) + (b1, X) + ¢

q 5 _)~ = g H Do
a,,c,ER, bl_(bll7"'7b’D0)€RS

!
?i = (b1, - -, bipy, ai, ¢i) € RP+2
!
1
. s —- —- - .
' 1 §il fj (’ #J)
"?°.’51 KM=(b: b;)—4ac (dimM; > 2)
0 -2
-2 0
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Some direct consequences

U xpg My x - Xg My, 8 C R locally conformally flat MCM

£(X) = ai(X, X) + (b1, X) + ¢

q 5 _)~ = g H Do
a,,c,ER, bl_(bll7"'7b’D0)€RS

!
?i = (b1, - -, bipy, ai, ¢i) € RP+2
!
1
s - = .
1 EiL & (i#]))
o KM = (€,€) (dmM; >2)
0 -2
-2 0
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Some direct consequences

1 s
.1 — — . .
_q il & (I#))
'Do—s
~1 KM = (€, € (dimM,;>2)
0 —2
—2 0

Let M = My X My X --- X¢, M, be a locally conformally flat MCM.
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Some direct consequences

1 s
.]_ _>.J__>. ) .,
1 € fj (’3&])
'Do—s
—1 KM = (€, 7€) (dimM; >2)
0o —2
-2 0

Let M = My X My X --- X¢, M, be a locally conformally flat MCM.

1. M has, at most, (Do + 2)-different internal spaces.
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Some direct consequences

1 s
.1 — — . .
_q il & (I#))
'Do—s
~1 KM = (€, € (dimM,;>2)
0 —2
—2 0

Let M = My X My X --- X¢, M, be a locally conformally flat MCM.

1. M has, at most, (Dg + 2)-different internal spaces.

2. The sectional curvature of the internal spaces M; is as follows:

whenever dim M; > 2.
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Some direct consequences

1 s
1 il & (I#))
=il KM = (€, €)  (dimM; > 2)
)
—2 0

Let M = My X My X --- X¢, M, be a locally conformally flat MCM.

1. M has, at most, (Dg + 2)-different internal spaces.
2. The sectional curvature of the internal spaces M; is as follows:

©® There are at most s + 1 of positive curvature, and

whenever dim M; > 2.
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Some direct consequences

1 s
1 il & (I#))
=il KM = (€, €)  (dimM; > 2)
)
—2 0

Let M = My X My X --- X¢, M, be a locally conformally flat MCM.

1. M has, at most, (Dg + 2)-different internal spaces.
2. The sectional curvature of the internal spaces M; is as follows:

@ There are at most s + 1 of positive curvature, and
@ there are at most Dy — s + 1 of negative curvature,

whenever dim M; > 2.
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Example with maximum number of internal spaces
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Example with maximum number of internal spaces

Let 4 be a suitable open subset in R20. Then,
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Example with maximum number of internal spaces

Let 4 be a suitable open subset in R20. Then,

M =4l
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Example with maximum number of internal spaces

Let 4 be a suitable open subset in R20. Then,

M =8 xz SPtx ... xp  SPe
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Example with maximum number of internal spaces

Let 4 be a suitable open subset in R20. Then,

— Dy Dst1 Ds+2 Dpy+2
M= xq 87 X X, ST X, HT2 5o X, HT700T
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Example with maximum number of internal spaces

Let 4 be a suitable open subset in R20. Then,
M = ﬂ Xfl SDl NEEE st+1 SDS+1 st+2 HD5+2 NEEE XfD0+2 HDD0+2
with scaling functions
ﬁ(7) = Xi? = 17 ) S,
— 17— —
f5+1(x) = 1_Z<X7X>7
f;(?) = Xj—1, Ii=s5+4+2,...,D0+1,
— 1= —
fDo+2(x) = 1+Z<X7X>'
is a locally conformally flat MCM.
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Example with internal spaces

Let 4 be a suitable open subset in R20. Then,
M = ﬂ Xfl SDl NEEE st+1 SDS+1 st+2 HD5+2 NEEE XfD0+2 HDD0+2
with scaling functions
ﬁ(7) = Xi? = 17 ) S,
— 17— —
f5+1(x) = 1_Z<X7X>7
f;(?) = Xj—1, Ii=s5+4+2,...,D0+1,
— 1= —
fDo+2(x) = 1+Z<X7X>'
is a locally conformally flat MCM.
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Example with compact internal spaces

Let 4 be a suitable open subset in R20. Then,
M = ﬂ Xfl SDl NEEE st+1 SDS+1 st+2 HD5+2 NEEE XfD0+2 HDD0+2
with scaling functions
ﬁ(7) = Xi? = 17 ) S,
— 17— —
f5+1(x) = 1_Z<X7X>7
f;(?) = Xj—1, Ii=s5+4+2,...,D0+1,
— 1= —
fDo+2(x) = 1+Z<X7X>'
is a locally conformally flat MCM.
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Example with compact internal spaces

Let 4 be a suitable open subset in R20. Then,
Ds+2

o Dl D+1 DD0+2
M=UxgF* X xg, BV xg,, B X"'XfDO+2FDo+2

with scaling functions

f,(?) = Xj, i=1,...,s,

fir1(X) = 1-3(X,X),
fi(X) = xi_1, i=s+2,....Dp+1,

foe+2(X) = 14 3(X,X).

is a locally conformally flat MCM.
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Example with compact internal space

Let 4 be a suitable open subset in R20. Then,
Ds+2

o Dl D+1 DD0+2
M=UxgF*x.xe,, BV g, B X"'XfDO+2FDo+2

with scaling functions

f,(?) = Xj, i=1,...,s,

fir1(X) = 1-3(X,X),
fi(X) = xi_1, i=s+2,....D0+1,

foe+2(X) = 14 3(X,X).

is a locally conformally flat MCM.
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Example with compact internal space as small as desired

Let 4 be a suitable open subset in R20. Then,

_ D Ds 1 Dsi2 Dpq+2
M =4 xg Bt XX BT X B X Xy o By

with scaling functions

f,(?) = o Xj, i=1,...,s,
fir1(X) = asp (1-3(X, X)),
fi(X) = ojxj_1, i=s+2...Dy+1,
fop+2(X) = apyio (1+3(X, X))

is a locally conformally flat MCM.
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